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Abstract
We survey one branch of evolution of the concept of symmetry in Differential Geometry in the second half of
twentieth century. Some new results are presented as well.
Contemporary ideas and methods are emphasized and the programme of further research in the field is proposed.
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Introduction
In our survey we intend to present one of the remarkable developments of idea of symmetry in
Differential Geometry starting from the concept of a symmetric space [5,6,58].
Conceptually, the studies of homogeneous spaces equipped with some additional invariant geometric
structure are of the great value giving important models for applications. E. Cartan began the exploration
of symmetric spaces in the thirtieth of 20th century, probably bearing in the mind some far going
generalization of Riemannian spaces of constant curvature. It is worth mentioning that P.A. Shirokov
(Kazan, Russia) introduced for the first time the notion of symmetric space under the name A-space [50],
but he did not develop its comprehensive theory.
Symmetric spaces have appeared to be very rich in content, stimulating the research in Lie groups,
Geometry, Mechanics, Physics, Gravity etc. up to now.
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1. According to the classical definition, a (locally) symmetric space (M,∇) is an affinely connected space
such that T = 0, ∇R = 0 (where T is torsion and R is curvature).
Equivalently, a (locally) symmetric space is an affinely connected space (M,∇) such that, for any
x ∈M ,
sx :y → Expx
(−Exp−1x y)
is a local automorphism of the connection ∇ near x ∈M .
As well, a symmetric space may be defined as a homogeneous space M = G/H such that, for
corresponding Lie algebras g, h, there exists a subspace m⊂ g with the properties
g=m h (direct sum),
[m,h] ⊂m, [m,m] ⊂ h.
See [15,16].
E. Cartan explored Riemannian symmetric spaces (ds2 > 0) and presented their complete classifica-
tion in the language of Lie groups and Lie algebras. See, for example, [15,16].
2. A very remarkable breakthrough in the theory of symmetric spaces was achieved by O. Loos. He
tried to describe a symmetric space by means of the (local) binary operation x · y def= sxy and by its
algebraic properties. As a result, in his monograph [30,31] he has given the following definition.
Definition 1. A smooth manifold M endowed by a smooth (partial) operation ·, 〈M, · 〉, is said to be a
symmetric space (manifold) if:
(1) x · x = x (idempotency);
(2) x · (x · y)= y (key identity);
(3) x · (y · z)= (x · y) · (x · z) (left distributive identity);
(4) In an appropriate neighbourhood U , of x ∈M , if x · y = y for some y ∈U then y = x.
In fact, (2) and (4) imply, at least locally, the unique solvability of a ·x = b (x = a ·b) and of y ·a = b.
Thus 〈M, ·〉 possesses (locally) left and right divisions and, consequently, is a (local) quasigroup. See
[32], for example.
We call 〈M, ·〉 a Loos quasigroup.
By means of rather complicated construction, using the above definition, O. Loos restored the unique
affine connection of the initial symmetric space (so that sx are its local automorphisms, sxy = x · y).
In the above cited monograph the full theory of symmetric spaces in the new setting was established.
It was, actually, the theory of smooth quasigroups of special type, although the author did not use the
notion of quasigroup.
The work of O. Loos was of the great importance, demonstrating the role of new structures
(quasigroups) in Differential Geometry.
Nowadays the canonical affine connection of a Loos quasigroup is easily defined as the tangent affine
connection to an appropriate loopuscular structure, see [38,39,41]:
(1)∇XaY =
{
d
dt
[(
P aγ (t)
)−1
∗,aYγ (t)
]}
t=0
,
L. Sabinin et al. / Differential Geometry and its Applications 17 (2002) 197–208 199
where γ (0)= a, γ˙ (0)=Xa , and
(2)P ax y = x ·
a
y = r−1a x · s−1a y (a · b= sab= rba).
3. The next essential step was due to Ledger [28] (see also [13]), who introduced the notion of
generalized symmetry on a manifold M, sx , as a diffeomorphism (local near x, or global), such that
sxx = x, and there exists a neighbourhood U of x such that, if sxy = y for some y ∈U , then y = x.
He started the exploration of affinely connected manifolds (M,∇, (sx)x∈M) with generalized
symmetries sx preserving the affine connection ∇ [28]. See also [12,29].
Being greatly influenced by the works of Ledger and Loos, Kowalski [20] and Fedenko [8–10]
introduced (independently) the notion of regular s-manifold (manifolds with regular multiplication in
terminology of A. Fedenko) combining the ideas of Loos and Ledger (who, in reality, introduced the
notion of regular s-structure). Namely,
Definition 2 [20,27]. A smooth manifold M with a system of (local or global) diffeomorphisms (sx)x∈M
is said to be a regular s-manifold if
(1) sxx = x,
(2) sx ◦ sy = ssxy ◦ sx (regularity),
(3) (sx)∗,x − Idx(TxM → TxM) is invertible (tangent regularity).
If, in addition, sx ◦ sx = id (at least locally) then we get a definition of symmetric space equivalent to
the definition of O. Loos.
If (sx)k = id (k ∈ N), (sx)p = id (p < k) then we have a so-called k-symmetric space (or k-periodic
space).
All Riemannian 3-symmetric spaces with a reductive basic group have been classified in [14] and all
compact Riemannian 4-symmetric spaces have been classified in [18].
4. Using the binary operation x · y = sxy, L.V. Sbitneva reformulated the above definition in the terms
of smooth quasigroups.
Definition 3 [48]. A regular s-space 〈M, ·〉 is a smooth quasigroup (local or global) with binary operation
such that
(1) x · x = x (idempotency identity),
(2) x · (y · z)= (x · y) · (x · z) (left distributive identity).
Note that a local quasigroup is characterized by the property that each of the equations a · y = b,
x · a = b is locally solvable in a unique way. Note, also, that ‘tangential regularity’ is equivalent to the
existence of local right division. Thus a regular s-manifold is an idempotent left distributive smooth
quasigroup. (In fact, for a quasigroup, the idempotent identity follows from the left distributivity.)
5. Generalizing the construction of O. Loos, O. Kowalski and A. Fedenko introduced into a regular
s-manifold the canonical affine connection possessing very good geometric properties.
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Proposition 1 [27]. Any smooth regular s-manifold (M, (sx)x∈M) may be equipped with a unique affine
connection ∇ (canonical connection) such that it is invariant under the action of (sx)x∈M and ∇XS = 0,
where Sx = (sx)∗,x .
This connection is reductive, that is, ∇R = 0, ∇T = 0 (where R is curvature, and T is torsion).
Remark 1. The notion of reductive connection was introduced for the first time by Rashevski [33–35]
and it is just to call it the connection of Rashevski.
6. Nowadays the simplest way to prove Proposition 1 is to consider a regular s-manifold as a smooth
idempotent left distributive quasigroup 〈M, ·〉. Introducing, further, the canonical loopuscular structure
by
(3)P ax y = x ·
a
y
def= r−1a x · s−1a y (a · b= sab = rba)
we define an affine connection ∇ by
∇XaY =
{
d
dt
[(
P aγ (t)
)−1
∗,aYγ (t)
]}
t=0
,
where γ (0)= a, γ˙ (0)=Xa , that is, as the tangent affine connection to the canonical loopuscular structure
(3).
It is easily verified that ∇ possesses all properties of Proposition 1 and is a unique connection satisfying
those properties.
See on the matter [40,48].
O. Kowalski has published numerous papers on the subject (see [7,20–27]), but his monograph
“Generalized symmetric spaces” [27] has been the most important, it has been translated into Russian by
L.V. Sabinin. In this monograph the comprehensive treatment on the matter is presented in differential
geometric setting.
The research in this field is still continuing, see, for example, interesting results of V. Balashchenko
on invariant structures on k-symmetric spaces [1,2].
7. The approach of Fedenko [8–10] was a bit different (see the most complete account of his results
in [11]). He, also, introduced the canonical affine connection into regular s-manifold (space with
regular multiplication in his terminology) using the complicated O. Loos type construction [30,31]
based on tangent spaces of second order (the construction of O. Kowalski is more simple and elegant,
without tangent spaces of second order). But since such a connection is reductive, he used, further,
the representation of a regular s-space as a reductive homogeneous space G/H , where K◦ ⊂ H ⊂ K ,
K = {g ∈ G;ϕg = g, ϕ being an automorphism of G}, K◦ is its connected component of the neutral
element e ∈G.
The condition of ‘tangent regularity’ means in this model that (ϕ∗,e − Id)|m is invertible (m being a
reductive complement of the subalgebra h of H in the Lie algebra g of G, g=m h, [m,h] ⊂m).
From this point of view a regular s-manifold (space with regular multiplication) is the so-called regular
ϕ-space introduced by Vedernikov and studied by Stepanov [52–55].
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Definition 4 [55–57]. Let G be a Lie group, ϕ be its endomorphism and K = {g ∈ G;ϕg = g},
K◦ ⊂H ⊂K , where H is a subgroup of G, K◦ being the connected component of e ∈G in K . Then the
homogeneous space G/H is said to be a ϕ-space (Vedernikov space).
Definition 5. A ϕ-space G/H is called regular if (ϕ∗,e− Id) is invertible in the quotient space g/h (g and
h are the Lie algebras of G and H , respectively).
It is easily verified that any regular ϕ-space is reductive.
Fedenko [9–11] has given a construction allowing to restore a regular s-space by its regular ϕ-space.
Namely, if G/H is a regular ϕ-space then
(4)sx˜ y˜ = x˜ · y˜ def=
(
x · ϕ(x−1) · ϕ(y))H, x˜ = xH, y˜ = yH,
defines a regular s-manifold (manifold with regular multiplication) such one that its regular ϕ-space is
isomorphic to the initially given space.
As well, in [11] all periodic regular s-manifolds with a simple Lie group G have been classified in
terms of the ‘root method’ [17]. On this matter, see also [51,59].
Note that, as is known, if ϕ-space G/H , has a semisimple or compact subgroup H then it is regular.
Indeed, in this case the Cartan metric of g (the Lie algebra of G) is nondegenerate on h (the isotropy
subalgebra of g) [35]. Taking m as the orthogonal complement to h with respect to the Cartan metric
of g we have the reductive decomposition g = m+˙h, [m,h] ⊂ m. Moreover, ϕ∗,em ⊂ m, ϕ∗,eh ⊂ h
since the automorphism ϕ∗,e preserves the Cartan metric. Evidently, ϕ∗,e − Id is invertible on m, since
Ker(ϕ∗,e − Id)= h. And, finally, ϕ∗,e − Id is invertible on g/h.
In general, the theory of ϕ-spaces is not yet developed properly and it needs further research.
8. Now we consider a diffeomorphism σx defined in a neighbourhood Ux of x of a smooth manifold
M , σx :Ux →M , and call it transsymmetry (ts-symmetry). Then all the above considered shows that, in
general, we have to explore a smooth manifold M with a system of transsymmetries (local or global),
(σx)x∈M , that is, a transsymmetric structure (M, (σx)x∈M).
If we introduce the operation of multiplication x · y def= σxy then 〈M, ·〉 turns into a so-called left
quasigroup (local or global) since a · y = b is, at least locally, uniquely solvable. This unique solution is
denoted by y = a\b.
In order to introduce into a manifold with transsymmetric structure 〈M,(σx)x∈M〉 (or, what is the
same, into a left loop 〈M, ·〉) some geometry in the form of an affine connection, we should construct,
first, some system of loops, for example, of the form of principal isotopes,
x ·
a
y
def= ρ−1α(a)x · σ−1β(a)y (p · q = σpq = ρqp),
with the neutral element a ∈M . Then a = β(a) · α(a). Of course, this needs the existence of ρ−1α(a). This
property is called α-correctness.
Note that 〈M,∗〉 is a principal isotope of 〈M, ·〉 if x ∗ y = (f x · gy) where f and g are bijections
(see [32]).
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Further, we may consider the tangent affine connection to the above loopuscular structure,
(5)∇XaY =
{
d
dt
[(
P aγ (t)
)−1
∗,aYγ (t)
]}
t=0
,
P ab y = σ(ρ−1α(a)x) ◦ σ
−1
β(a), γ (0)= a, γ˙ (0)=Xa.
}
In fact, in this way we get a variety of affine connections depending on β (a→ β(a)).
Note that α(a)= β(a)\a and, consequently, α is uniquely defined by β.
The properties of an initial correct ts-structure depend very much on the properties of the affine
connection ∇ and vice versa. And here we have a lot to study.
For example, which are the properties of a correct left quasigroup 〈M, ·〉 if some of its affine
connections is reductive, or symmetric, or possesses an absolute parallelism, etc.
Another approach is to fix some properties of a correct left quasigroup 〈M, ·〉 and then to introduce
some corresponding affine connection ∇ with specific geometric properties. This last approach has been
used by Loos [30,31], Kowalski [20,27], Fedenko [8–10] as it has been described above. It concerned the
fundamental property of left distributivity valid in an initial quasigroup 〈M, ·〉,
(6)x · (y · z)= (x · y) · (x · z).
9. In order to generalize the construction of Kowalski–Fedenko, we consider a left (local or global)
quasigroup 〈M, ·〉 with the left F -distributive identity
(7)x · (y · z)= (x · y) · (Fx · z), F :x → Fx ∈M,
well known in the algebraic theory of quasigroups. Here F is a smooth map. If F = id then we get the
left distributive identity (6).
Introducing x · y = σxy = ρyx we assume the condition of F -correctness: for any x ∈M there exist
open neighbourhoods Ux , Vx , of x such that ρFx :Ux → Vx is a diffeomorphism.
It is easily verified that Fx = x\x = σ−1x x.
The left F -correct smooth quasigroup 〈M, ·〉 with the left F -distributive identity is said to be a
transsymmetric space (ts-space). Another, equivalent definition is:
A smooth manifold M with an F -correct transsymmetric structure 〈M,(σx)x∈M〉 is called a
transsymmetric space (ts-space) if
(8)σx ◦ σy = σσxy ◦ σFx.
(Note that (8) is exactly (7) in different notations.)
The above definitions are due to Sabinin (see [42]). The comprehensive theory of transsymmetric
spaces has been elaborated by Sabinina [46] in her doctoral dissertation. On the matter see, also, the
monograph [40].
Using the loopuscular structure with the loops of the form
(9)x ·
a
y = σρ−1Fa xσ
−1
a y,
we may introduce the canonical affine connection ∇ of the above transsymmetric space by
∇XaY =
{
d
dt
[(
P aγ (t)
)−1
∗,aYγ (t)
]}
t=0
,
(10)P az w = z ·
a
w, γ (0)= a, γ˙ (0)=Xa.
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See [42].
This connection ∇ possesses the following properties [42]:
(1) ∇R = 0, ∇T = 0 (R is curvature, T is torsion), that is, 〈M,∇〉 is reductive.
(2) (∇XS)Y def= S(∇F∗XY )−∇xX(SY )= 0, Sx = (σx)∗,Fx; briefly, ∇XS = 0.
(3) (σa)∗(∇XY )=∇(σx)∗X((σx)∗Y ),
that is, σx (x ∈M) is an automorphism (local at least) of the canonical connection ∇ .
The following is valid [42]:
Proposition 2. Let (M, (σx)x∈M) be a ts-space, ∇ and ∇ be its affine connections such that σx (x ∈M)
are their local automorphisms and 0 =∇XS =∇XS, Sx = (σx)∗,x . Then ∇ =∇ .
The proposition means that any affine connection of a ts-space (M, (σx)x∈M) satisfying (1), (2), (3)
given above is unique.
Further, if (M, (σx)x∈M) is a manifold with correct transsymmetries σx (x ∈M) and its canonical affine
connection (defined by (10)) possesses the properties (2) and (3) then (M, (σx)x∈M) is a transsymmetric
space, that is,
σx ◦ σy = σσxy ◦ σFx, Fx = σ−1x x
[40,42].
Let (M, (σx)x∈M) be a transsymmetric space, Φx = (ϕx)∗,x = (σx ◦ F)∗,x and ∇ be its canonical
connection, then
∇XΦ = 0, (ϕx)∗(∇XY )=∇(ϕx)∗X
[
(ϕx)∗Y
]
.
See [40,42].
Here ϕx is an endomorphism of the corresponding left quasigroup 〈M, ·〉, as can be verified.
Thoroughful analysis shows that a transsymmetric space is a homogeneous reductive ϕ-space, G/H ,
where the Lie group G and the subgroup of isotropy H are such that K0 ⊂H ⊂K = {g ∈G;ϕg = g},
ϕ being an endomorphism of G. (Here K0 is the connected component of the neutral element e ∈G.)
Having given a regular ϕ-space G/H , one may restore a corresponding transsymmetric space as a
correct left F -quasigroup 〈G/H, ·〉:
(xH) · (yH) def= (x · ϕ(x−1) · P(a · y))H,
where P is an automorphism of G such that P ◦ ϕ = ϕ ◦ P and a is an arbitrarily fixed element of G.
Any correct left F -quasigroup may be realized in such a way. See [40,44,45].
Thus this restoration is not unique, depending on P ∈ AutG and a ∈G.
10. Sbitneva [48,49] discovered one very interesting class of regular s-spaces, so-called perfect
s-spaces, and developed their theory. Later an analogous theory had been constructed for perfect
transsymmetric spaces [40,43].
The study of perfect transsymmetric spaces is motivated by the fact that any symmetric space is a
perfect transsymmetric space.
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Definition 6. A transsymmetric space (M, (σx)x∈M) is said to be perfect if any loop of its canonical
loopuscular structure coincides with the geodesic loop of a canonical connection at the same point
(locally, at least). That is,
ρ−1Fax · σ−1a y def= x ·
a
y = x ∗
a
y
def= Expx τ ax Exp−1a y,
where Expz is the exponential map at z ∈M and τax :TaM → TxM is the parallel displacement along the
geodesic arc joining a and x (being the unique geodesic arc in a normal neighbourhood of a ∈M).
A geodesic loop 〈M,∗
a
, a〉 of a perfect transsymmetric space possesses remarkable properties [40,43].
For example, there is valid
x ∗
a
[
y ∗
a
(x ∗
a
z)
]= [x ∗
a
(y ∗
a
x)
]∗
a
z,
the so-called left Bol property, well known in the algebraic theory of quasigroups [3,4].
Treating a transsymmetric space as a regular ϕ-space we have the proposition (not published yet):
Proposition 3. Let (M, (σx)x∈M) be a transsymmetric space. Then, for corresponding regular ϕ-space
G/H , Q= {x ·ϕ(x−1)}x∈G is a transversal (that is, Q∩gH consists of a single element and Q ·H =G).
Moreover, (M, (σx)x∈M) is a perfect transsymmetric space if and only ifQ= expm, wherem= TeQ⊂
TeG= g (g being considered as the Lie algebra of G).
In the language of Lie algebras g (of G) and h (of H ) we have:
Proposition 4. Let (M, (σx)x∈M) be a perfect transsymmetric space, G/H be its corresponding regular
ϕ-space, g being the Lie algebra of G and h ⊂ g being the Lie algebra of H . Then g = m  h,
m= TeQ, where Q= {x · ϕ(x−1)}x∈G, [m,h] ⊂m, (reductivity) and g= g(1)  g(2) is a semidirect sum
of subalgebras, that is,[
g(2),g(1)
]⊂ g(1), m= g(1) n, g(2) = n h,[
h,g(1)
]= {0}, [h,n] ⊂ n, [n,n] ⊂ h.
Moreover, g(1) is solvable.
Loosely speaking, it means that G/H is ‘glued’ from a solvable group space and a symmetric space.
From here, for example, it follows that a perfect transsymmetric space is symmetric if G is simple, or
if the group H is irreducible and non-trivial.
11. This part deals, in brief, with some new objects of Differential Geometry.
A geodesic loop of affine connection has been discovered by Kikkawa [19] and later rediscovered
independently and generalized under the name geodesic odule by Sabinin [36,37].
Having given an affinely connected space (M,∇), one may introduce the operations (at least locally,
near a ∈M):
(a)x ·
a
y = Expx τ ax Exp−1a y,
(b)tax = Expa
(
t
(
Exp−1a x
))
, t ∈R,
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(c)x+
a
y = Expa
(
Exp−1a x + Exp−1a y
)
,
where Expz is the exponential map near z ∈M and τax :TaM → TxM is the parallel transport along the
arc joining a and x.
Considering M together with (a) we have the geodesic loop 〈M, ·
a
, a〉 near M . Considering M together
with (a), (b) we have the geodesic odule 〈M, ·
a
, a, (ωat )t∈R〉 (ωat x = tax) near M . And, considering M
together with (a), (b), (c), we have a geodesic diodule 〈M, ·
a
, a, (ωat )t∈R,+
a
〉 near a ∈M .
For 〈M, ·
a
, a〉 we have x ·
a
a = a ·
a
x = x (near a ∈M) meaning that a is the two-sided neutral element.
As well, x ·
a
b = c and b ·
a
y = c are uniquely solvable (near a ∈M). Thus 〈M, ·
a
, a〉 is a loop (see, for
example, [32]).
There are some identities relating the above operations [37,40].
The most important fact, here, is that having given a geoodular (geodiodular) algebra—a smooth
system of odules (diodules), one for any point, satisfying the so called geoodular (geodiodular) identities
[37,40] we may construct a unique affine connection ∇ such that its canonical geoodular (geodiodular)
algebra (i.e., the system of all geodesic odules (diodules)) coincides with the initial one [39,40].
Here we do not intend to go deeper into this matter referring all interested to the monograph [40]. But
what we just said shows, at least, the importance of studying of geodesic loops and odules.
12. Now we concentrate our attention on the properties of geodesic loops (odules, diodules) of
transsymmetric spaces.
Let (M, (σx)x∈M) be a transsymmetric space and ∇ its canonical affine connection. If
x ·
a
y = Laxy def= Expx τ ax Exp−1a y
is the operation of its geodesic loop at a ∈M then
σx =Lax ◦La(−1)aϕax ◦ σa, ϕax = σaFx.
See [39,40,47].
Using this formula and the defining left F -distributive identities, we may obtain the characteristic
identities for the geodesic odule 〈M, ·
a
, a, (ωat )t∈R〉 [40,42].
And, further, having given σa , and an affine connection whose geodesic diodules satisfy the above
characteristic identities, we may restore uniquely σx , and, thus, the corresponding transsymmetric space.
13. Final remarks. The above presentation shows how we can approach to the exploration of a general
manifold with transsymmetric structure (M, (σx)x∈M). Constructing the corresponding left quasigroup
〈M, ·〉, x · y = σxy, and introducing a canonical loopuscular structure
x ·
a
y = ρ−1α(a)x · σ−1β(a)y,
where z · w = σzw = ρwz, β,α :M →M are (local or global) diffeomorphisms, β(a) · α(a) = a (the
correctness, existence of ρ−1α(a), is supposed), we may introduce the canonical affine connection ∇ by
∇XaY =
{
d
dt
[(
P aγ (t)
)−1
∗,aYγ (t)
]}
t=0
,
P az w = ρ−1α(a)z · σ−1β(a)w, γ (0)= a, γ˙ (0)=Xa.
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Now we can propose the following research scheme:
1) Consider 〈M, ·〉 satisfying some algebraic identities (like the left F -distributive identity in the case
of transsymmetric space, etc.) and explore the characteristic properties of its canonical affine connection.
2) Consider a canonical connection of certain type (without curvature, symmetric, reductive, etc.) and
try to obtain the characteristic properties of the initial transsymmetric manifold.
In these ways we have a profound research programme for the future.
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